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1. INTRODUCTION
We study the theory of scattering for the nonlinear Schrodinger equa-
tion with the Stark effect in one or two space dimensions:
$i \partial tu=-\frac{1}{2}\Delta u+$ $($ 5 . $x)u+\tilde{F}_{n}(u)$ , $($?, $x)\in \mathbb{R}\cross \mathbb{R}^{n}$ , (1.1)
where $n=1$ or 2, and $u$ is a complex valued unknown function of
$(t, x)$ . Here $\tilde{F}_{n}(u)$ and $E\neg$ $x$ are a nonlinearity and a linear potential,
respectively. The nonlinearity is given by
$F_{n}(u)=G_{n}(u)+N_{n}(u)$ ,
$G_{n}(u)=\lambda_{0}|u|^{2/n}$u, (1.2)
$N_{1}(u)=\lambda_{1}u^{3}+\lambda_{2}\overline{u}^{3}$ , when $n=1,$
$\overline{N}_{2}(u)=\lambda_{1}u^{2}+\lambda_{2}\overline{u}^{2}+\lambda_{3}u\overline{u}$, when $n=2,$$N_{2}(u)=\lambda_{1}u^{2}+\lambda_{2}\overline{u}^{2}+\lambda_{3}u\overline{u}$
where $\lambda_{0}\in \mathbb{R}$ , $\lambda_{1}$ , $\lambda_{2}$ , $\lambda_{3}\in \mathbb{C}$ and $E\in \mathbb{R}^{n}\mathrm{s}\{0\}$ . We remark that the
cubic nonlinearity $u\overline{u}^{2}$ is excluded in one dimensional case. $\tilde{F}_{n}$ is a sum-
mation of the gauge invariant nonlinearity $G_{n}(u)$ and the non-gauge
invariant one $\tilde{N}_{n}(u)$ , and it is a critical power nonlinearity between
the short range case and the long range one in $n$ space dimensions
$(n=1,2)$ . The above potential $E\cdot x$ is called the Stark potential with
a constant electric field $E$ . Following [9], in this article, we prove the
existence of modified wave operators to the equation (1.1) for small
final states.
Let $U(t)$ be the free Schr\"odinger group, that is,
$U$ (t) $=e^{it\Delta/2}$ .
The Schr\"odinger operator $-(1/2)\Delta+Ex$ is essentially self-adjoint
on $C_{0}^{\infty}(\mathbb{R}^{n})$ . $H_{E}$ denotes the self-adjoint realization of that operator
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defined on $C_{0}^{\infty}(\mathbb{R}^{n})$ and we define the unitary group $U_{E}$ generated by
$H_{E}$ :
$U_{E}$ (t) $=e^{-itH_{B}}$ .
$\tilde{F}_{n}(u)$ is a critical power nonlinearity between the short range scatter-
ing and the long range one. The modified wave operator $W_{+}$ for the
equation (1.1) is defined as follows. Let 6 be a final state. Modifying
the solution $U_{E}(t)\phi$ for the linear Schr\"odinger equation with the Stark
potential, we construct a suitable modified free dynamics $A$ , which de-
pends on $\phi$ , and we show the existence of a unique solution $u$ for the
equation (1.1) which approaches $A$ in $L^{2}$ as $t$ $arrow\infty$ . The mapping
$\overline{W}_{+}$ : $\phi$ $\vdash+u(0)$
is called a modified wave operator. In this article, we prove the exis-
tence of modified wave operators for the equation (1.1).
The theory of scattering for the ordinary nonlinear Schr\"odinger equa-
tions with critical power nonlinearities was studied, e.g., in [3, 4, 5, 6,
7, 8].
Before stating our main results, we introduce several notations.
Notation. We denote the Schwartz space on $\mathbb{R}^{n}$ by $S$ . Let $S’$ be the
set of tempered distributions on $\mathbb{R}^{n}$ . For $w\in S’$ , we denote the Fourier
transform of $w$ by $\hat{w}$ . For $w\in L^{1}(\mathbb{R}^{n}),\hat{w}$ is represented as
$\hat{w}(\xi)=(2\pi)^{-n/2}w(x)e^{-i}7_{\mathrm{R}^{n}}$
z$.\epsilon_{dx}$ .
For $s$ , $m\in \mathbb{R}$ , we introduce the weighted Sobolev spaces $H^{s,m}$ corre-
sponding to the Lebesgue space $L^{2}$ as follows:
$H^{s,m}\equiv\{\psi \in \mathrm{S}’ : ||\psi||_{H}s,m \equiv|| (1+|x|^{2})m/2(1-\Delta)s/2\mathrm{e}||\mathrm{Z}^{2} <\infty\}$ .
and put $H^{s}=H^{s,0}$ .
$C$ denotes a constant and so forth. They may differ from line to line,
when it does not cause any confusion.
Our result is as follows.
Theorem 1.1. Let $n=1$ or 2. Assume that $\phi\in H^{2}\cap H^{0,2}$ and that
$||6\mathrm{H}_{H^{2}\cap H^{0,2}}$ is sufficiently small Then the equation (1.1) has a unique
solution $u$ satisfying
$u\in C([0, \infty);L^{2})$ ,
$\sup_{\iota\geq 1}$
($t^{d}||u(t)-U_{E}$ (t) $e^{-\dot{|}|\cdot|^{2}/2t}e^{-:S(t,-:\nabla)}\phi||_{L^{2}}$ ) $<\infty$ ,
$\sup_{t\geq 1}[t^{d}$ ($\int_{t}^{\infty}||U(s)(U_{E}(-s)u(s)-e^{-i|\cdot|^{2}/2s}e^{-iS(s,-:\nabla)}\phi)$ $||_{\mathrm{Y}_{n}}^{4}ds$) $]<\infty$ ,
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where
5 $(t, x)=\lambda_{0}|\phi(x)|^{2/n}\log t$ (1.3)
and $d$ is a constant satisfying $n/4<d<1,$ $\mathrm{Y}_{\underline{1}}=L_{x}^{\infty}$ and $\mathrm{Y}_{2}=L_{x}^{4}$ .
Furthermore the modified wave operator $W_{+}:$ $\phi\mapsto+u(0)$ is well-
defined
A similar result holds for negative time.
Remark 1.1. Since the multiplication operator $e^{-i|}$ . $|^{2}/2t$ converges the
identity strongly in $L^{2}$ as $t$ $arrow$ oo the solution obtained in Theorem 1.1
approaches $U_{E}$ (t) $e^{-i}$s$(t,-i\nabla)\phi$ in $L^{2}$ . Noting the phase correction $S$ de-
pends only on the gauge invariant nonlinearity $G_{n}(u)$ , we see that the
contribution of the non-gauge invariant term Nn(u) is a short range
interaction, that is, it is negligible as $tarrow\infty$ , under our assumptions.
We also note that the assumption $\phi\in H^{2}$ is needed only if $\tilde{N}_{n}(u)\neq 0$
(see Lemma 3.3 below).
Remark 1.2. If we consider the asymptotic behavior of solutions to
the Cauchy problem for the equation (1.1) with initial data $u(0, x)=$
$6_{0}(x)$ , $x\in$ Rn, then we see from Theorem 1.1 that for any initial
data $\phi_{0}$ belonging to the range of the modified wave operator $\overline{W}_{+}$ ,
there exists a unique global solution $u\in C([0, \infty);L^{2})$ of the Cauchy
problem for the equation (1.1) which has the modified free profile
$U_{E}(t)e^{-:|\cdot|^{2}/2t}e^{-iS(t,-i\nabla)}/$ . More precisely, $u$ satisfies the asymptotic for-
mula of Theorem 1.1. However it is not clear how to describe the initial
data belonging to the range of the operator $W_{+}$ .
2. THE CAUCHY PROBLEM AT INFINITE INITIAL TIME
First we reduce the scattering problem for the equation (1.1) to that
of the following non-autonomous nonlinear Schrodinger equation with-
out a potential
$i \partial_{t}v=-\frac{1}{2}\Delta \mathrm{t}$ $+$ $\mathrm{f}\mathrm{f}_{n}(t, v)$ , $(t, x)\in \mathbb{R}\cross \mathbb{R}^{n}$ , (2.1)
where $n=1,2$ ,
$F_{n}$ ( $t$ , $v)=G_{n}(v)$ $+N_{n}(t,$ $v)$ , $(2.2)$
$N_{1}$ ($t$ , $v)=\lambda_{1}v^{3}e^{-2i(tE\cdot x-t^{3}|E|^{2}/3)}+\lambda_{3}\overline{v}^{3}e^{4i(tE\cdot x-t}3|E|^{2}/3)$ , $(2.3)$
$N_{2}$ ($t$ , $v)=$A$1v^{2}e^{-i(tE\cdot x-t^{3}|E|^{2}/3)}+\lambda_{2}\overline{v}2e3i(tE\cdot x-t3|E|^{2}/3)$
$(2.4)$
$+\lambda_{3}vv-e^{i(tE\cdot x-t}3|E|^{2}/3)$ ,
$G_{n}(v)$ is defined by (1.2). By a direct calculation, we obtain the follow-
ing relation between a solution to the equation (1.1) and that to the
equation (2.1). The following proposition is not essentially new but
almost well-known (see Cycon, Froese, Kirsch and Simon [2]).
$\mathrm{a}\mathrm{r}$
Proposition 2.1. If $v$ solves the equation (2.1), then
$u(t, x)=v(t,$ $x+ \frac{t^{2}}{2}E)e^{-i(tE\cdot x+t^{3}|E|^{2}/6)}$
solves the equation (1.1).
Conversely, if tz solves the equation (1.1), then
$v$ (t, $x$ ) $=u(t,$ $x- \frac{t^{2}}{2}E)e" tE\cdot x-t^{3}|E|^{2}[’)$
solves the equation (2.1).
According to Proposition 2.1, Theorem 1.1 is an immediate conse-
quence of Proposition 2.2 below.
Proposition 2.2. Assume that 6 satisfies all the assumptions of The-
orem 1.L Then there exists a unique solution $v$ for the equation (2.1)
satisfying
$v\in C([0, \infty);L^{2})$ ,
$\sup_{t\geq 1}$ ($t^{d}||v(t)-U(t)e^{-i|\cdot|^{2}/2t}e^{-:S(t,-i\nabla)}\phi||_{L^{2}})<\infty$ ,
$\sup_{t\geq 1}[t^{d}(\int_{t}^{\infty}||v(s)-U(s)e^{-:|\cdot|^{2}/2s}e^{-iS(s,-i\nabla)}\phi||_{Y_{n}}ds)^{1/4}]<\infty$ ,
where $S$ is defined by (1.3), $d$ is a constant satisfying $n/4<d<1,$
$\mathrm{Y}_{1}=L_{x}^{\infty}$ and $\mathrm{Y}_{2}=L_{x}^{4}$ .
A similar result holds for negative time.
In what follows, we shall prove Proposition 2.2.
Let $n=1,2$ , and let $v_{a}$ be a given asymptotic profile of the equation
(2.1), namely an approximate solution for that equation as $tarrow\infty$ . We
introduce the following function:
$R=\mathcal{L}v_{a}-F_{n}(t, v_{a})$ , (2.5)
where
$L$ $=i \partial_{t}+\frac{1}{2}$ IS.
The function $R$ is difference between the left hand sides and the right
hand ones in the equation (2.1) substituted $v=va.$
We can prove the following proposition (see Propositions 3.4 and 3.5
in [8] $)$ .





$U(t- s)\mathrm{R}(s)$ $ds||L_{x}^{2} +||$ $7_{\mathcal{T}}^{U(\tau-s)R(s)ds||_{L_{\tau}^{4}((t,\infty);Y_{n})}}\infty\leq\eta’(1+t)^{-d}$ ,
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for $t\geq 0,$ where $\mathrm{Y}_{1}=L_{x}^{\infty}$ and $\mathrm{Y}_{2}=L_{x}^{4}$ , and assume that $\eta’>0$ is
sufficiently small. Then there exists a unique solution $v$ for the equation
(2.1) satisfying
$v\in C([0, \infty);L^{2})$ ,
$\sup_{t\geq 1}(t^{d}||v(t)-v_{a}(t)||_{L^{2}})<\infty$ ,
$\sup_{t\geq 1}[t^{d}(\int_{t}^{\infty}||v(s)-v_{a}(s)||_{\mathrm{Y}_{n}}^{4}ds)^{1/4}]<$ $\mathrm{o}\mathrm{o}$ ,
where $d$ is a constant satisfying $n/4<d$ $<$ $1$ , $\mathrm{Y}_{1}=L_{x}^{\infty}$ and $\mathrm{Y}_{2}=L_{x}^{4}$ .
A similar result holds for negative time.
3. REMAINDER ESTIMATES AND PROOF OF THEOREM 1.1
In this section, we prove Proposition 2.2 to obtain Theorem 1.1.
First we introduce the Strichartz estimate for the free Schrodinger
equation obtained by Yajima [10]. We define the linear operator
$(\Gamma h)(t)=7\infty$ $U(t-s)h(s)ds$ ,
where $h$ is a function of $(t, x)$ .
Lemma 3.1, Let $n$ denote the space dimension, and let $(9, r)$ and $(\tilde{q},\tilde{r})$
be pairs of positive numbers satisfying $2/q=n(1/2-1/r)$ , $2<q\leq\infty$ ,
$2/\tilde{q}=n(1/2-1/\tilde{r})$ and $2<\tilde{q}\leq\infty$ . Then $\Gamma$ is a bounded opera-
tor from $L_{t}^{\tilde{q}’}((T_{0}, \infty);L_{x}^{\tilde{r}’}(\mathbb{R}^{n}))$ into $L_{t}^{q}((T_{0}, 00)$ ; $L_{x}^{r}(\mathbb{R}^{n}))$ with norm uni-
formly bounded with respect to $T_{0}$ , where $(ff, \tilde{r}’)$ is a pair of positive
nermbers satisfying $1/\tilde{q}+1/\tilde{q}’=1$ and $1/\tilde{r}+1/\tilde{r}’=1.$ $Fu\mathcal{H}hermore_{f}$ if






where $S$ is defined by (1.3). This modified free dynamics was intr0-
duced by Ozawa [7] for the ordinary nonlinear Schr\"odinger equation
with a nonlinearity $\lambda|u|^{2}u$ in one space dimension. In order to prove
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Proposition 2.2, we show that $v_{a}$ satisfies the assumptions in Proposi-
tion 2.3. It is sufficient to show only the estimates
$||7$ $a(t)$ $||_{L^{2}}\leq\eta’$ , (3.2)
$||v_{a}(7)$ $||_{L^{\infty}}\leq\eta’t^{-1/2}$ , (3.3)
$|| \int_{t}^{\infty}U(t- s)7?(s)$ $ds||_{L_{\mathrm{g}}^{2}}$
(3.4)
$+||$ $7\infty U(s-\tau)R(\tau)d\tau||_{L_{\epsilon}^{4}((t,\infty);\mathrm{Y}_{n})}\leq\eta’t^{-d}$ ,
where $R$ is defined by (2.5). In fact, in order to avoid a singularity at
$t=0,$ multiplying a cut off function $\theta\in C^{\infty}(\mathbb{R})$ such that $\theta(t)=0$
if $t\leq 1/2$ and $\theta(t)=1$ if $t\geq 3/4$ to $l_{a}$ , we easily see from the esti-
mates (3.2)-(3.4) that the resulting function satisfies the assumptions
in Proposition 2.3.
First we consider the gauge invariant nonlinearity $G_{n}(u)$ .
Lemma 3.2. There exists a constant $C>0$ such that for $t\geq 1,$
$||v_{a}(t)$ $||_{L^{2}}=||\phi||L^{2}$ ,
$||v_{a}(t)||_{L^{\infty}}\leq C||\phi||_{L^{1}}t^{-n/2}$ ,
$||$”$a(t)$ $-G_{n}(v_{a}(t))||_{L^{2}} \leq C(||\phi||_{H^{0,2}}+||"||_{H^{0,2}}^{3})\frac{(1\mathrm{o}\mathrm{g}t)^{2}}{t^{2}}$.
Since we can prove this lemma in the same way as Lemma 2.2 in [8],
we omit the proof.
We next consider the non-gauge invariant and non-autonomous non-
linearity $N_{n}(t, u)$ . In order to obtain the estimate (3.4), we need the
following lemma, which is shown in Lemma 3.3 in [9].
Lemma 3.3. Assume that $||\phi||H^{2}\cap H^{0,2}$ $\leq 1.$ Then, there exists a con-




$+|| \int_{s}^{\infty}U(s-\tau)N_{n}(\tau, v_{a}(\tau))$ $\mathrm{c}1\tau||_{L_{\epsilon}^{4}((t,\infty);Y_{n})}$ $\leq C||\phi||_{H^{2}\cap H^{0,2}}t^{-d}$ ,
where $0<d<1.$
Proof. As mentioned above, this lemma was shown in Lemma 3.3 in
[9]. For convenience of readers, we describe the proof of this lemma. It
is sufficient to prove for a single power nonlinearity of the form
$N_{n}($#, $v)=\lambda v^{l}\overline{v}^{m}e^{-:(\alpha-1)(tE\cdot x-t^{3}|E|^{2}/3)}$ ,
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where A $\in \mathbb{C}$ ,
$(l, m)=(3,0)$ or $(0, 3)$ , when $n=1,$
$(l, m)=(2,0)$ , $(1, 1)$ or $(0, 2)$ when $n=2,$
$\alpha=l-m.$
Note that $l+m=1+2/n$ and $\alpha\neq$ $11$ . Then





$\theta_{1}(t, x)=\frac{|x|^{2}}{2t}-S(t,$ $\frac{x}{t})$ , $\theta_{2}(t, x)=-tE$ . $x$ , $\theta_{3}(t)=\frac{t^{3}|E|^{2}}{3}$ .
















$U(-s) \{\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)}$ ei(ot-l)e2 $(_{S,x})\partial_{s}(e^{i(\alpha-1)\theta_{3}(s)})\}$
$=(9_{s}[U(-s)\{$ $\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)}e^{i(\alpha-}1)(\mathrm{e}_{\mathrm{z}}(5,x)+51_{3}(\mathrm{s}))$ $\}]$
$+ \frac{i}{2}U(-s)\{\Delta(\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha}$
e1 $(s,x))e^{i}(\alpha-1)(5?0-(s,x)$ $\mathrm{H}?_{3}(s))$ $\}$
$+iU(-s) \{\nabla(\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{\dot{l}\alpha}$
e1 $(s,x))$ . $\nabla(e^{i(\alpha-1)(\theta_{2}(s,x)+\theta_{3}(s))})\}$
$- \frac{\alpha-1}{2}U(-s)\{\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)}e^{i(\alpha-1)\theta_{2}(s,x)}\partial_{s}(e^{i(\alpha-1)\theta_{3}(s)})\}$
$-U(-s)\{\partial_{s}($ $\frac{1}{s^{3+n/2}}P(\frac{x}{s})eei\alpha\theta_{1}(s,x)i(\alpha-1)\theta_{2}(s,x))e^{\mathrm{i}(*-))\theta_{3}}(s)$ }
Since $\alpha\neq-1$ , we have
$U(-s) \{\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)}e^{i(\alpha-1)\theta_{2}(s,x)}\partial_{s}(e^{i(\alpha-1)\theta_{3}(s)})\}$

















$I_{3}(s)= \frac{2i}{\alpha+1}\{\nabla(\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)})$ . $\nabla(e^{i(\alpha-1)(\theta_{2}(s,x)+\theta_{3}(s))})\}$ ,
$\epsilon\epsilon$
$I_{4}(s)=- \frac{2}{\alpha+1}\{\partial_{s}(\frac{1}{s^{3+n/2}}P(\frac{x}{s})e^{i\alpha\theta_{1}(s,x)}e^{i(\alpha-1)\theta_{2}(s,x)})e^{i(\alpha-1)\theta_{3}(s)}\}$
Integrating the identity (3.6) over the interval $(t, \infty)$ and applying $U(t)$
to the resulting equality, we have
$\int_{t}" U(t-s)N_{n}(\mathrm{s}, v_{a}(s))$ $ds$
$= \frac{3}{i(\alpha-1)|E|^{2}}$ $(-I_{1}(t)+ \sum_{\dot{\mathrm{n}}=}^{4}$
,.
$\int_{t}^{\infty}U(t-s)I_{j}(s)ds$) (3.7)
By the definitions of $I_{1}$ , I2, $I_{3}$ and $I_{4}$ , we have
$||I_{1}(t)||_{L^{2}}\leq Ct^{-3}||\hat{\phi}|\mathrm{b}2$ $||\hat{\phi}||_{L^{\infty:}}^{2/n}$
$||I_{1}\mathrm{o})||_{L}\infty\leq Ct^{-7/2}||\hat{\phi}||_{L^{\infty}}^{3}$ , when $n=1,$
$||I_{1}(t)||_{L^{4}}$ $\leq Ct^{-4}||\hat{\phi}||_{L^{8}}^{2}$ , when $n=2,$
$||I_{2}(s)||_{L^{2}}\leq Cs^{-3}(10_{\mathit{1}^{)}})^{2}||\phi||_{H^{2}\cap H^{0,2}}$ ,
$||I_{3}(s)||_{L^{2}}\leq Cs^{-2}(\log s)||\phi||_{H^{2}\cap H^{0,2}}$ ,
$||I_{4}(s)$ $||_{L^{2}}\leq Cs^{-2}(\log s)||\phi||_{H^{2}\cap H^{0,2}}$ .
We have used Holder’s inequality, the Sobolev embedding and the as-
sumption $||\phi||_{H^{2}\cap H^{0,2}}\leq 1.$ We note that the $L^{2}$ note of $I_{2}$ , $I_{3}$ and $I_{4}$
are integrable over the interval $(t, \infty)$ . Applying the above inequalities
and Lemma 3.1 to the identity (3.7), we obtain this lemma. $\square$
Proof of Theorem 1.1. Assume all the assumptions in Theorem 1.1.
Let $v_{a}$ be the function defined by (3.1). According to Proposition 2.3,
as mentioned before, it is sufficient to show the estimates (3.2)-(3.4).
The estimates (3.2) and (3.3) immediately follow from the definition of
$v_{a}$ . We prove the estimate (3.4). Since
_{1}(t)||_{L}\infty\leq Ct^{-7/2}||\hat{\phi}||_{L^{\infty} ^{3
{1}(t) |_{L^{4}}\leq Ct^{-4}||\phi||_{L^{8}}^{l}$
I_{2}(s)||_{L^{2}}\leq Cs^{-3}(\log s)^{2 ||\phi||_{H^{2}\cap H^{ $




by Lemmas 3.1, 3.2 and 3.3, we have
$||$ $7 \infty U(t-s)R(s)ds||L_{x}^{2} +|| \int_{s}^{\infty}U(s-\tau)R(\tau)ds||_{L_{s}^{4}((t,\infty);}\mathrm{Y}_{n})$
$\leq(\mathrm{V}"$ $||\mathcal{L}v_{a}(s)-G_{n}(v_{a}(s))||_{L^{2}}ds$
$+||$ $/$ $\infty U(t-s)N_{n}(s, v_{a}(s))ds||L_{x}^{2} +|| \int_{s}^{\infty}U(s-\tau)N_{n}(\tau, v_{a}(\tau))d\tau||_{L_{s}^{4}((t,\infty);Y_{n})}$
$\leq C||$ $l$” $||H^{2}" H^{0,2}t^{-d}$ ,
where $n/4<d<1$ appearing in the assumption of Theorem 1.1.
Taking $\eta’=C||\phi||_{H^{2}\cap H^{0,2}}$ , we see that the condition (3.4) is satisfied.
According to Proposition 2.3, this completes the proof of Theorem 1.1.
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